Optimal asset allocation strategies are often derived in continuous time models, but have to be implemented in discrete time. It has been shown that in models with stochastic volatility or jumps, an investor who just uses the continuous time strategy in discrete time has to trade at least daily to profit from having access to derivatives. In this paper, we determine the optimal investment strategy when discrete rebalancing is explicitly taken into account. We find that the investor buys a more conservative portfolio and reduces extreme positions in the derivatives compared to the continuous time case. In particular, his exposure to volatility risk is significantly reduced. We show that even with monthly rebalancing, the investor profits from trading derivatives and can realize up to 63% of the utility gain from option trading in continuous time. He also profits from having access to a variance contract, since the more stable exposures of the variance contract to the risk factors over time allow him to take larger positions in volatility and jump risk.
Introduction
There is a huge literature on dynamic asset allocation in continuous time models, starting with Merton (1971) . His basic approach has been extended in several dimensions. Liu (2006) gives closed-form solutions for affine models, which include the case of stochastic volatility. Liu, Longstaff, and Pan (2003) consider a model with stochastic volatility and contemporaneous jumps in the stock price and volatility where only the stock and the money market account are traded. add derivatives to the set of traded assets to complete the market, but assume that jumps can occur in the stock price only. Branger, Schlag, and Schneider (2006) extend their approach to include also jumps in volatility.
All these models assume that the portfolio can be rebalanced continuously. In reality, however, the investor can only trade at discrete points in time, and the more often the portfolio is rebalanced, the larger the transaction costs, especially for retail investors. An ad-hoc solution to this problem is to implement the continuous time strategy in discrete time. The performance of these naive discretization strategies is analyzed by Branger, Breuer, and Schlag (2006) . They show that even yearly rebalancing is nearly perfect if the investor only trades the stock and the money market account. With options, however, the picture changes completely: discrete trading can cause huge utility losses, and the investor has to trade at least daily to benefit from having access to derivatives.
In this paper, we solve for the optimal investment strategy in discrete time when the investor uses derivatives. With discrete trading, the market is -technically speakingincomplete, and the choice of derivatives matters. We consider the cases where the investor trades, in addition to stock and money market account, one or two options, and we also consider the case where one of these options is replaced by a variance contract. There is no analytical solution for the optimal investment strategy in discrete time, and we use backward induction combined with numerical optimization and a Monte Carlo simulation to solve the portfolio planning problem.
We are not the first to consider discrete trading strategies involving options. Brandt and Santa-Clara (2006) show how to approximate dynamic investment strategies by static strategies in timing and conditioning portfolios. They use quadratic utility and extend the basic Markowitz approach to portfolio selection to multiple periods and the use of conditioning information. Although they argue that their method works for derivatives as well, they use only stocks, bonds and the money market account in their numerical examples. In our study, we focus on the use of derivatives, and we do not rely on approximating strategies, but rather determine the truly optimal strategy in discrete time.
Another strand of the literature analyzes the empirical performance of option strategies to assess whether options are 'too good', which would indicate a mispricing of options. Doran and Hamernick (2006) explore the historical performance of several standard option investment strategies using S&P 500 index options. They consider the average returns and Sharpe ratios of various option investment strategies, where options constitute only a small part of the overall portfolio. ITM and ATM protective put strategies, OTM and ATM covered call strategies and short OTM and ATM put and call positions clearly outperform the S&P 500 in case of an option maturity of one month. With a maturity of one year, various synthetic stock and long call strategies also outperform the S&P 500. The performance is measured by the Sharpe ratio. Goetzmann, Ingersoll, Spiegel, and Welch (2002) , however, argue that the Sharpe ratio may be misleading in case of option payoffs. Driessen and Maenhout (2004) investigate the optimal position in OTM puts or ATM straddles of standard expected utility maximizers and non-expected-utility investors using historical data on the S&P 500 index and index options. They find that nearly all types of investors optimally take short positions in puts and straddles. This result is robust with respect to transaction costs, margin requirements and Peso problems. While these papers analyze whether investments in options have been 'too good' in the past, we are interested in the effect of discrete trading. We therefore use a simulation setup where options are priced correctly by assumption, and we study to which degree the investor can benefit from derivatives, even if he cannot trade continuously.
A recent paper that analyzes investment in the variance contract is Egloff, Leippold, and Wu (2006) . They determine the optimal investment in variance contracts in a model with two diffusive variance factors but no jumps and estimate their model using data on the S&P 500 and S&P 500 variance swap rates. The utility improvements resulting in the model are substantial,and this result is also confirmed by empirical analysis of the strategy for the period from January 2003 to January 2006. However, one has to keep in mind that the variance swap rate declined almost monotonically over this period, so that large gains from shortening variance contracts are not surprising. Different from their approach, we consider a model with jumps in returns and volatility, and we take discrete trading into account when searching for the optimal strategy.
We find that optimal strategies in discrete time are significantly better than naive discretization approaches. The performance of an investment strategy is measured by the fraction of the overall potential utility gain due to derivatives that is realized by this strategy. The maximal utility gain due to derivatives is defined as the difference between the expected utilities of two investors having access to different sets of securities. While the first investor can trade only the stock and the money market account, the second investor has access to a complete market where he implements a dynamic continuous time trading strategy. Even with one option only, an investor who rebalances his portfolio only once a month can realize about 56% of this maximal utility gain, and up to 63% when using two derivatives. The best results are achieved with longer-term options, for which the sensitivities with respect to the risk factors are much more stable over time than for short-term options. The choice of the strike price is important when the investor can only use one call, but does not matter much if he can use two options. We also replace one of the call options by a variance contract, for which the payoff is equal to the realized variance over some time period. With the variance contract as the only derivative, the investor can realize 59% of the maximal utility gain, three percentage points more than with the optimal choice of options. If he can use the variance contract and a call option, his utility gain increases to 63%, again three percentage points more than in the case with two options.
Compared to the optimal strategy in continuous time, the investor buys a more conservative portfolio and reduces extreme positions in derivatives significantly. As a consequence, his exposure to the risk factors is reduced, too. This is in particular true for volatility risk, where the exposure shrinks to just over one third of the exposure from the continuous time model. For discrete trading, the optimal exposure with respect to the risk factors depends on volatility, while it is independent of volatility for continuous trading. When volatility is high and rebalancing thus becomes more important due to more unstable exposures, the investor chooses a more conservative portfolio if he can only trade at discrete points in time. Furthermore the optimal stock position changes from a short position in continuous time, which would be problematic from a general equilibrium point of view anyway, to a long position in discrete time. When a variance contract is available for investment, the investor can achieve much more constant factor exposures over all volatility levels. As a consequence, utility gains are higher with the variance contracts than with options only. The exposure to volatility, however, is still only about half as large as with continuous trading.
We check the robustness of our results with respect to the risk aversion of the investor, the restriction of no borrowing, and the introduction of margin requirements. For a higher risk aversion, the investor gains less in absolute terms from having access to derivatives, but he can again realize more than half of the maximal utility gain from trading derivatives in continuous time. We also impose the restriction that the investor cannot take a short position in the money market account. This restriction is binding, and with one option, the investor can only realize about one third of the utility gain, so that the borrowing constraint is also economically important. With two options, however, there is hardly any difference between the utility gains he can realize with and without borrowing constraint. Finally, the introduction of margin requirements leads only to very small utility losses.
The paper proceeds as follows. In Section 2, we shortly describe the market model and the pricing of options. The numerical optimization methodology and the performance measure are explained in Section 3. Section 4 describes the results in detail. Robustness checks are discussed in Section 5, and Section 6 concludes.
Model Setup
We consider a model with stochastic volatility, jumps in the stock price, and jumps in volatility. In the context of option pricing, this SVCJ model is studied in, e.g., Duffie, Pan, and Singleton (2000) or Broadie, Chernov, and Johannes (2005) . Liu, Longstaff, and Pan (2003) and Branger, Schlag, and Schneider (2006) analyze its implications for portfolio planning.
The dynamics of the stock price S t and the local variance V t are given by the following stochastic differential equations
The Poisson process N t has a jump intensity of λ P V t . µ X and µ Y are the return and the variance jump size, respectively, where we assume that both jump sizes are deterministic. η 1 √ V t and η 2 √ V t are the risk premia for the diffusions B
(1) t and B
t , respectively. The investor thus receives on average a compensation of η 1 V t and η 2 V t for taking on one unit of
t , respectively. The difference µ X (λ P − λ Q )V t represents the instantaneous compensation for jump risk.
Given the market prices of risk for the two diffusion processes and for the jump risk factor, the dynamics of the stock price and the volatility process under the risk-neutral measure Q are
(1)
where
Under Q, B
(2) t are standard Brownian motions, and N t is a Poisson process with intensity λ Q V t .
The investor can trade in the stock and the money market account. Furthermore, he has access to derivatives. The dynamics of the price of a derivative O
are given by
where the exposure to the risk factors dB
and dN t follows from the sensitivities
To calculate option prices and sensitivities in the SVCJ model, we use Fourier inversion as e.g. explained in Duffie, Pan, and Singleton (2000) . The resulting differential equations are solved numerically.
The sensitivities g
v and ∆g (i) depend on the maturity of the option, the current stock price, and the current volatility. When one of these variables changes, the sensitivities change as well. If a portfolio is not rebalanced continuously, its exposure with respect to the risk factors will not remain constant until the next rebalancing date, but can change rather dramatically. As Branger, Breuer, and Schlag (2006) have shown, this non-stability can cause significant utility losses in case of discrete trading.
Besides options, we also consider a variance contract, which is e.g. analyzed in Bondarenko (2004) . When discrete returns are used to calculate the realized variance, its payoff at time T is given by
The variance contract is special in that its exposure to volatility risk and jump risk does not depend on the current level of the stock price or volatility, but only on its time to maturity. We thus expect the exposure of a portfolio involving the variance contract instead of an option to be more stable over time. On the other hand, the relation between the exposure to volatility risk and jump risk is fixed for the variance contract, whereas it depends on the moneyness for options. With call options, the investor is thus able to choose the optimal mixture of these two exposures. This turns out to be important in the case with one derivative only.
3 Numerical Methodology and Performance Measure- The investor derives utility from terminal wealth only. We assume a CRRA-utility function with risk aversion γ, i.e. U (W ) = W 1−γ /(1 − γ). The investor maximizes his expected utility, and his indirect utility function is defined as
Φ [t,T ] denotes his investment strategy over the time period between t and T . A t is the set of admissible strategies, which depends on whether the investor can trade continuously or only at discrete points in time and on the assets he can trade. We assume that the stock and the money market account are always available for trading. Furthermore, the investor might be able to include one or several contingent claims in his portfolio, where we focus on options and on the variance contract.
Continuous Time
In case of continuous trading, the solutions to the portfolio planning problem have been studied extensively in the literature. Liu, Longstaff, and Pan (2003) analyze the case where only the stock and the money market account are traded. With stochastic volatility and deterministic jump sizes and either only jumps in the stock price or simultaneous jumps in the stock price and the volatility, two derivatives are needed to complete the market. This case is studied in for a model without jumps in volatility, and in Branger, Schlag, and Schneider (2006) for a model which includes jumps in volatility. Since the market is complete, the investor can achieve any desired exposure to the risk factors, and it turns out to be useful to work with these exposures instead of asset positions. The dynamics of the investor's wealth can thus be written as
where θ B1 describes the share of the investor's wealth invested in the B1-diffusion, θ
B2
the position in the B2-diffusion, and θ N the share of the investors wealth invested in jump risk. The corresponding positions in the assets follow from the sensitivities of the assets with respect to the risk factors.
Discrete Time
If the investor can only trade at discrete points in time, the set of admissible strategies is reduced to those which are constant between the rebalancing dates, and the market becomes incomplete. With a naive discretization strategy, the investor just applies the continuous time strategy in discrete time, while the alternative is to determine the optimal strategy in discrete time. Branger, Breuer, and Schlag (2006) find that even with naive discretization, the loss due to discrete trading can almost be neglected in the incomplete market where only the stock and the money market account are traded. However, if the investor also has access to derivatives, utility losses can become very large. Even with as high as weekly rebalancing frequency, there is still a significant risk for the investor to end up with negative wealth and thus a realized utility of minus infinity. In these cases, he is better off if he does not use derivatives at all. To profit from having access to derivatives, the investor has to trade at least daily if he relies on naive discretization.
We denote the points in time where the investor adjusts his portfolio (plus the end of the investment horizon) by 0 = t 0 < t 1 < t 2 < . . . < t n = T . The dynamics of wealth are
where φ t i−1 and ψ
denote the weight of the stock and k−th derivative (k = 1, . . . , K) at time t, repectively.
The optimal portfolio of the investor in discrete time solves
where we optimize over the portfolio composition from time t i to time t n−1 . From the Bellman principle, we know that the optimal portfolio can be found by backward induction
where the dynamics of wealth are given by Equation (6) and where the dynamics of V follow from the model specification.
Implementation
For discrete trading, there is no closed form solution for the portfolio planning problem, and we now describe our optimization algorithm in more detail.
We discretize the state space, which is given by time, wealth level, and local variance. The discretization in time direction is determined by the pre-specified trading dates. For the state variable variance V , we use a grid which is more narrowly spaced for smaller variance levels with 10 equally spaced intervals between 0.003 and 0.12 and 10 equally spaced intervals between 0.12 and 0.76. For variance levels in between the grid points, conditional utility levels and optimal portfolio positions are interpolated linearly. When the variance increases above or falls below the level of the largest respectively smallest grid point, the utility levels and optimal portfolio weights for the respective grid points on the boundary are used. Finally, note that in the CRRA case
so that it is sufficient to determine the optimal indirect utility function and the optimal portfolio weights for w = 1.
The portfolio planning problem is solved by backward induction, i.e. starting at time t n ≡ T for which J is known. For every grid point characterized by a point in time t i (i = n − 1, n − 2, . . . , 1, 0) and a variance level v , we then have to find the indirect utility function and the optimal portfolio weights, that is the stock position φ, the position in the first derivative ψ 1 and, if included, the position in the second derivative ψ 2 . The numerical optimization uses a sequential quadratic programming method. The optimizations are each carried out with two different starting values, once with the optimal allocation from the previous variance grid point and once with the stock position initialized to one and the derivative positions initialized to zero. Expected utility for a given candidate portfolio composition is calculated by Monte-Carlo simulation, where we simulate the variance and the wealth level at time t i+1 and then rely on the already known indirect utility at time t i+1 (which has to be interpolated), using Equation (7). The Monte-Carlo simulation is based on 500,000 paths, and we use the same random numbers for each of these MonteCarlo simulations. To gain efficiency, we tabulate the prices of the options at the end of each period when they are sold using the above-mentioned variance grid and a grid for the moneyness (stock price over strike price). Prices between the grid points are interpolated linearly. We use the parameter values shown in Table 1 and adapted from Liu, Longstaff, and Pan (2003) .
Performance Measurement
Our objective is to assess the performance of optimal trading strategies in continuous time. Furthermore, we want to identify which derivatives the investor should trade and how much he profits from more frequent trading. To do so, we need a measure for the improvement of the investor's expected utility compared to some reference strategy. We rely on the annualized percentage difference in certainty equivalent wealth between the strategy we want to evaluate and a reference strategy. This measure has been used, e.g., in .
The first benchmark we consider is the optimal strategy with continuous trading in a complete market. This strategy gives the maximal expected utility the investor can achieve in this market. Its certainty equivalent wealth W cont,w is defined implicitly via
and the certainty equivalent wealth W disc,w of the discrete strategy with derivatives is defined by
The improvement the investor could achieve by continuous trading instead of discrete trading is then given by the annualized percentage difference in certainty equivalent wealth
This number will be positive since the discrete time strategies cannot be better than the continuous time strategies.
The second benchmark we consider is a discrete strategy where the investor trades the stock and the money market account only. The certainty equivalent wealth for this case without derivatives is denoted by W disc,w/o . The rebalancing frequency is the same for both strategies (with and without derivatives), and the portfolio improvement due to access to derivatives is measured by
This number will also be positive since the investor cannot be worse off with additional investment possibilities. However, this does not hold for a naive discretization strategy. For this strategy, the improvement due to additional assets could be more than offset by the utility loss due to using a strategy that is optimal with continuous trading, but sub-optimal with discrete trading. Branger, Breuer, and Schlag (2006) show that this is indeed the case even for rebalancing frequencies of one week.
The sum R disc,w/o→w +R disc→cont,w gives the utility gain when going from the optimal discrete time strategy with the stock and the money market account only to the optimal continuous time strategy in a complete market. This term only depends on the rebalancing frequency and decreases the more often the portfolio is rebalanced, but it does not depend on the choice of derivatives used to complete the market. Comparing R disc,w/o→w to this sum then shows how much of the utility gain due to derivatives can be realized with discrete trading.
Margin Requirements
An investor is not only faced with the problem that he can only trade at discrete points in time, but he may also face margin requirements which limit the positions he can take in risky assets and in particular in derivatives. The margin requirements used in this study are adapted from Interactivebrokers.com (2006) . In case of differences between day and overnight requirements, overnight requirements are used.
We use relative margin requirements, i.e. we impose restrictions on the portfolio weights. φ denotes the relative investment in the stock, and ψ is the investment in a specific call option. Furthermore, we assume that margin requirements are only imposed at rebalancing times. As a consequence, they are independent of the stock price, and we can normalize the stock price to one. Monitoring the margin in continuous time, as it is the case in practice, would introduce path-dependence into the problem and would make it computationally intractable.
For long stock positions, the required margin is 50% of the stock price:
Margin requirements for short stock positions are not imposed since short stock positions are not optimal in our study except for one marginal case.
For a long position in a call, the margin requirement is given by the call price, i.e.
M R(LC) = ψ.
The margin requirement for a short position depends on whether it is naked or covered. With a portfolio weight of ψ for the option, the number of options per unit of wealth is given by
, where O is the call price. For ψ < 0, the number of covered calls is then given by min
, φ , and the number of naked calls is
For the covered call, the margin requirement is equal to the option price if the option is in the money and zero otherwise:
Margin requirements for short naked calls are more complicated. They are given by 100% of the option market value plus the maximum of 15% of the underlying market value minus the out-of-the-money amount and 10% of the underlying market value:
The overall value of the portfolio then has to be larger than the sum of the margin requirements:
In case of two options, the margin requirements for the second option are calculated in the same way.
Results

Call Options as Traded Derivatives
We first consider the case where the investor uses only one call option and rebalances his portfolio once a month. The results for a risk aversion of γ = 3 are given in Table 2 , and the results for a higher risk aversion (γ = 8) are qualitatively similar. We analyze how much of the maximal utility gain the investor can realize, and what the optimal options both in terms of moneyness and in terms of time to maturity are.
The highest utility gains are obtained for call options with a time to maturity of 6 months and a strike of 104% of the initial stock price and for call options with a time to maturity of one year and a strike of 116% of the initial stock price. For these options, R disc,w/o→w is equal to 1.85%, i.e. the investor's utility gain corresponds to an annualized excess return of 1.85% compared to the optimal strategy without options, which is about 56% of the maximal gain R disc,w/o→w + R disc→cont,w . With a time to maturity of three months to maturity, the maximal utility gain is reduced to 1.58%. Options with one month to maturity give a maximal gain of 1.09%, which is about 33% of the potential gain.
The bad performance of options with only one month to maturity can be explained intuitively. Options allow the investor to achieve an exposure to volatility risk (which he cannot obtain with the stock), and to unbundle the fixed relation between diffusion risk and jump risk embedded in the stock. With a rebalancing frequency of one month and a time to maturity of the option of one month, the investor holds the option until expiry. At the end of this one month, the exposure to volatility risk vanishes completely (and approaches zero before), and the actual exposure of the portfolio to volatility risk will thus move away from the optimal one rather fast, which deteriorates the performance. For an option with longer time to maturity, the volatility exposure will be much more stable over time.
The optimal strike of the call is the larger the longer the time to maturity. While for a time to maturity of 3 months, an ATM-call is optimal, the investor should use an OTMcall with a moneyness (defined as strike price divided by stock price) of 104% for 6 months to maturity and a deep OTM-call with a moneyness of 116% of the initial stock price for one year to maturity. The intuition that the short call short serves two purposes. First the investor wants a negative exposure to volatility risk due to the negative risk premium, and, second, the option makes it possible to obtain a better exposure to volatility and jump risk than offered by the stock alone. In our example, the investor needs additional negative exposure to jump risk. To achieve these two goals, the investor has to choose a call with the appropriate ratio of jump risk exposure to B2-exposure after hedging for B1-exposure, and this ratio depends on the time to maturity.
For the optimal strike, the investor sells more calls short than he owns stocks. Thus his payoff is not monotonically increasing in the stock price. He trades potential gains in case of extremely large stock price increases for a higher return is case of a bad or moderate performance of the stock.
The results for the case when the investor can include two options in his portfolio are given in Table 3 , where we have assumed that one of the options is the ATM-call. The maximum utility gain is hardly larger than with one option. The largest value for R disc,w/o→w of about 1.99% is again obtained using calls with a time to maturity of six months or one year, and is smaller for shorter times to maturity of the options. The strike price for the second option is less important than in the case where only one option is used, and utility differences between different strike prices are very small. Table 4 shows the results for rebalancing intervals from 3 months to two weeks. We consider the case with one call, and due to the results presented above, we use a time to maturity of one year and moneyness values from 100% to 120%.
Rebalancing Frequency
The utility gain is the larger the more often the investor rebalances his portfolio. It increases from an extra annualized excess return of 1.34% in case of quarterly rebalancing to 1.51% in case of bimonthly rebalancing, 1.85% in case of monthly rebalancing and 2.19% in case of biweekly rebalancing. The higher the rebalancing frequency, the higher the optimal strike used by the investor. Furthermore, the optimal portfolio becomes more extreme the higher the rebalancing frequency. When he has the possibility to rebalance his portfolio more often, the investor worries less about the stability of his exposure to the risk factors.
Factor Exposures
To interpret the findings, we take a look at the exposure of the strategies to the different risk factors. In all tables, we give the exposures to the three different risk factors at the beginning of the first period where the volatility is equal to its long-run mean. θ B1 denotes the diffusive stock price risk, θ B2 the diffusive volatility risk, and θ N the jump risk. These exposures are compared to two benchmarks. The first benchmark is given by a continuous trading strategy in an incomplete market where only the stock and the money market account are used. In this case, the optimal exposures at t = 0 are θ B1 = 0.81, θ In case of discrete trading, the investor weights several objectives against each other. First, he wants to get as close as possible to the optimal exposure in continuous time. Second, he wants the exposure to be stable over time. And third, he is particularly afraid of ending up with very low levels of terminal wealth. The last two points will lead to a more conservative portfolio and to less leverage.
With two options, the investor could always set up a portfolio for which the initial exposure is equal to the optimal exposure in continuous time. The results in Table 3 , however, show that he chooses a portfolio with an initial exposure that is smaller than the optimal one in absolute terms. The differences are particulary large for the exposure to volatility diffusion risk, where the initial exposure is less than 40% of the optimal one with continuous rebalancing, while the jump risk exposure and exposure to stock diffusion risk are both quite close to the optimal one from the continuous time model. Since the exposure to volatility risk is achieved by option positions, these are in absolute terms also much smaller for discrete trading than for continuous trading. This can also be seen in Table 5 which shows the optimal portfolio decompositions for continuous trading (upper panel) and discrete trading (lower panel). The smaller positions in options reduce the effect of changes in option sensitivities on the portfolio exposure over time and lead to a portfolio exposure that is more stable over time. Put together, the investor thus foregoes parts of the risk premium earned on volatility risk in order to obtain a more stable portfolio. If he rebalances more often, stability becomes less of an issue.
The optimal position in the stock differs significantly between continuous and discrete trading. Table 5 shows that the investor takes a short position in the stock if he can trade continuously, but a long position if he can only rebalance monthly. To get the intuition, assume that the optimal portfolio is put together step by step. First, the investor uses a position in the stock to achieve the desired B1-exposure. This also gives him a certain jump exposure. Second, the B2-exposure and the remaining jump exposure (which are both negative in our example) are achieved by a portfolio of two options which is hedged by a position in the stock so that it has zero B1-exposure. As can be seen from Table 5 , this induces a long position in the call with the lower strike price and a short position in the call with the higher strike price. For a moderate volatility exposure as in case of discrete trading, the hedging position in the stock is positive, while for a large volatility exposure in case of continuous trading, this stock position is negative. The stock position from the first step is positive. Put together, this gives a long position in the stock for discrete trading and a short position for continuous trading.
The objective to achieve a stable exposure also explains why the investor prefers options with a maturity of at least six months, for which the sensitivities vary much less than for shorter-term contracts.
With one option, the investor cannot realize every desired factor exposure, since the market is incomplete. The choice of the strike price therefore becomes important. From a comparison of Tables 2 and 3 , it can be seen that with just one option those strikes are best where the investor can realize an initial factor exposure very close to the initial factor exposure with two options.
Until now we have only looked at the factor exposures realized at the beginning of the first period with an initial volatility equal to the long-run mean. Now we take a look at the optimal factor exposures conditional on the remaining number of time periods and the spot volatility. Figure 1 shows these exposures for the case where the investor uses two options, both with a time to maturity of 1 year. The first option is an ATM-call, the second one is an ITM-call with a strike price equal to 89% of the stock price at the time when the portfolio is bought (the choice with the best results). The shorter the remaining time horizon, the smaller (in absolute terms) the optimal exposure to B1-risk and to jump risk, which can be attributed to a hedging demand which vanishes over time. The optimal exposure to B2-risk, on the other hand, hardly depends on the time horizon.
The dependence of the optimal factor exposures on the current volatility is much more pronounced, which is quite surprising given that the optimal exposure in continuous time does not depend on volatility at all. The demand for B1 exposure increases in volatility, and for very high levels of volatility, it even exceeds the optimal exposure in continuous time. The demand for B2 and jump exposure, on the other hand, decreases in volatility in absolute terms and approaches the optimal exposure from a continuous time model for low volatility levels. To get the intuition, note that the investor is not only interested in being as close as possible to the optimal exposure from a continuous time model. He also wants to achieve a stable portfolio exposure and to reduce the risk of ending up with a very low or even negative terminal wealth. For the jump component, the crucial point is that the intensity of jumps is proportional to the level of variance. The risk of multiple jumps until the next rebalancing date thus increases in variance. Since a second or third jump might drive the investor into bankruptcy, he reduces his jump exposure if volatility is high. For high volatility, the exposure of the portfolio to volatility risk is less stable over time, and the reaction of the investor is again to reduce his overall investment into risky assets. The reduced exposure to volatility risk and jump risk reduces the expected excess return on the portfolio. This induces him to increase the position in the stock slightly, which offers a stable risk exposure, which explains why the exposure to B1 increases in volatility.
Value of Volatility Timing
Rebalancing in our setup can be seen as a two-stage process. First allocations that drifted away from initial allocations are brought back to the initial allocations and second these allocations are adjusted for the difference in optimal positions due to the difference between current and initial volatility. The question that arises is which share of the volatility gain is due to the first step and which share is due to the second. To answer this question, we carried out only the first step, i. e. we rebalanced the portfolio just back to the initial allocations which are optimal for a variance equal to the average variance. We analyzed the value of volatility timing for options with a time-to-maturity of 6 months and a strike of 108%. For monthly rebalancing the value of adjusting the portfolio to the current volatility amounts to 12% of the R disc,w/o→w , for bimonthly rebalancing to 19% and for rebalancing every 3 months to 22% of R disc,w/o→w . This means the relative value of volatility timing becomes larger if the portfolio is rebalanced less often. The reason is that with less frequent rebalancing the total utility gain due to rebalancing decreases, which makes volatility timing more important.
Distribution of Terminal Wealth
Next, we have a look at the distribution of terminal wealth, where we consider the case with one option, but different times to maturity and strike prices. Figure 2 gives the first four moments as well as the minimum terminal wealth and the utility improvement R disc,w/o→w as a function of the strike price. To plot all numbers in one graph, we have standardized each moment as well as the minimum and the performance measure by its mean in the respective maturity group.
The optimal strike is always indicated by the maximum of the standardized R disc,w/o→w . The investor prefers portfolios with a high mean, and he accepts a certain level of standard deviation. The dependence on skewness and kurtosis as well as on the minimum wealth level is more involved. The smaller skewness and kurtosis and the larger the minimum, the smaller the risk of ending up with very low terminal wealth levels, and the more conservative the portfolio. However, the risk premium earned on the portfolio decreases, too. The optimal trade-off between risk and return then depends on the risk aversion of the investor.
No-Leverage Constraints
As shown above, the optimal portfolios can be quite extreme. To see whether our results depend strongly on leverage, we have conducted a robustness check by restricting the investor from taking a short position in the money market account.
In the case with one option, this no-leverage constraint reduces the optimal R disc,w/o→w from about 1.85% to about 1.17%. There is a strong tendency for the results to improve with an increasing strike price. Looking at the factor exposures we see that the investor can now realize about the same stock price diffusive exposure as in the unconstrained case, but much smaller volatility and jump exposures. He is not able to increase his volatility exposure further in absolute terms, since a larger short position in the call would also lower his B1 exposure which now cannot be compensated by leveraging the stock position. For this reason, he prefers short calls with high strikes which yield a high B2 exposures with the smallest reduction in the B1 exposure.
If the investor is allowed to invest into two options, he will go long one option and short the other. Then, the leverage is quite small, and the restriction causes practically no utility losses, but he can still realize an R disc,w/o→w of 1.99%.
Margin Requirements
The results for the case with margin requirements are given in Table 6 . With one option, the optimal R disc,w/o→w is reduced from 1.85% to 1.83%. The optimal strike drops from 116% to 112%. In terms of the optimal investment strategy both the stock investment and the short position in the call are reduced. In terms of factor exposures this corresponds to an increase in the stock price diffusion exposure and a reduction in the volatility and jump exposure.
With two options, the optimal R disc,w/o→w is 1.83% compared to 1.99% without margin requirements and thus practically the same as with one option. The optimal strike of the second call increases from 89% to 113%. This is due to the fact that for a stock investment we require only a margin of 50 % while for the in-the-money call the whole purchase price is deducted from the margin account. This, in turn, practically leads to a complete loss of the utility gains from the second option. Put together, margin requirements do not have a strong influence on the investor's utility gain.
Variance Contracts
Up to now, the investor has had access to call options only. Now we assume that also the variance contract is available. The question is which of these two contracts is the better choice for the investor. The results are given in Table 7 .
In the first case, the investor is not allowed to trade options. The optimal R disc,w/o→w in this case is 1.98%. The utility gain is thus significantly higher than with one call option, where the investor could realize an R disc,w/o→w of 1.85%. Like for call options, the investor is best off if he uses claims with long times to maturity. The reason for the superiority of the variance contract is that its factor exposures do not change when volatility changes. Therefore the risk of a deviation of realized factor exposures from optimal factor exposures is smaller. The investor will then take a larger position and thus earn a big part of the risk premia even when the volatility is high.
In the case with a call option with the same time to maturity as the variance contract, the best results are achieved for a maturity of 6 months and a moneyness of 112% and for a time to maturity of 1 year and a moneyness of 116% with an R disc,w/o→w of 2.11% each. This is about 63% of the utility gain due to derivatives in a continuous time model. This utility gain is again higher than with the optimal choice of two call options. For the optimal portfolio, the investor takes a short position in the variance contract, while the position in the OTM call changes from a short position for low volatility levels to a long position for high volatility levels. Figure 3 shows the factor exposure of the optimal portfolios as a function of the remaining investment horizon and volatility. It confirms that with the variance contract, the factor exposures are much closer to the optimal factor exposures from the continuous time model. However, the volatility exposure is still about only half as large as in the continuous time model. Furthermore, the dependence of the optimal exposure on volatility is much less pronounced than with two calls. Figure 4 shows the prices and sensitivities of variance contracts for different times to maturity. We see that, different from calls, the vega and the price change in case of a jump are constant across volatility levels (delta is zero). The price itself is quadratic in volatility (linear in variance). Variance contracts with longer maturities have larger sensitivities and higher prices. The reason that they perform better in the asset allocation problem is that their sensitivities change less over time than those of variance contracts with shorter maturities.
Robustness Checks
Transaction Costs
Our optimization setup requires that the whole option position is turned over at every rebalancing date and replaced by a position of options with the original maturity and a defined strike price. Therefore it is only possible to consider transaction costs under the somewhat extreme assumption that the investor actually liquidates all assets in the portfolio, before setting up the new position. Since the turnover in the stock position is small relative to the turnover in options and since the investor makes only small adjustments to the stock position, and we can only apply transaction costs to the whole stock position or none at all, we set transaction costs on stocks equal to zero. Transaction costs on options are set to numbers between 0.5% and 3.0% of the option price for a one-way transaction. For comparison, Bakshi, Cao, and Chen (1997) consider transaction costs of 6% per round trip for OTM puts and 4% per round trip for ATM options. We calculate the results for different rebalancing frequencies to see which rebalancing frequency is optimal given a certain level of transaction costs.
The results are given in Table 2 . Already moderate transaction costs of only 0.5% reduce the achievable R disc,w/o→w from 1.827% to 1.072%. However monthly rebalancing is still better than less frequent rebalancing. With transaction costs of 1.0% respectively 2.0%, rebalancing every 2 months is optimal with an R disc,w/o→w of 0.804% respectively 0.520%. With transaction costs of 3.0% it is only worthwhile to rebalance every 3 months yielding an R disc,w/o→w of 0.373%. The optimal strike of the option increases with the amount of transaction costs, since farther out of the money calls are cheaper and provide a higher exposure to volatility risk per unit of cost. Since our calculations however overstate the influence of transaction costs, further research is necessary to determine optimal derivative positions under more realistic assumption on portfolio turnover.
Parameter Uncertainty
In this section we want to analyze how sensitive allocations are to the mis-measurement of parameters. We assume that the investor can infer the Q-measure parameters perfectly from the data, since there are many option prices at hand to calibrate an option pricing model. We assume that there is no uncertainty about the general model for option prices. The investor is uncertain about the size of the risk premia η 1 , η 2 and λ P −λ Q . He expresses his uncertainty by assuming that risk premia are normally distributed with a certain mean and variance derived from empirical studies. The standard deviations are 0.92 for η 1 , 1.10 for η 2 and 0.28 for λ P .
We vary the assumed mean of the respective risk premium µ, and see how this affects the investor's optimal allocations and the utility gain when the performance of the obtained strategy is evaluated using the true parameters. The results are given in Table 9 . For comparison in the first lines results for the case where he can only invest in stock and money market account are given. Assume that the investor is uncertain about the risk premium for B1-diffusive risk. If the mean is estimated correctly there is practically no utility loss. The same can be observed with options for all three risk premia. Even overestimation by half a standard deviation causes only moderate utility losses. The largest utility losses are observed if η 1 is uncertain with R disc,w/o→w falling from 1.786% to 1.698%. The losses are larger if the mean is over-or underestimated by a full standard deviation. For η 1 , R disc,w/o→w then falls to 1.447% respectively 1.497%. If η 2 is mis-estimated the utility losses are much smaller although the standard deviation is larger and the parameters are of similar size. R disc,w/o→w falls just to 1.735% respectively 1.772%. This is due to the fact that under discrete trading the optimal position in volatility risk does not increase linearly in |η 2 |. The optimal position in volatility risk is restricted by the stability of the factor exposures and therefore does not change much if the risk premium is changed. All in all the optimal positions are not very sensitive to mis-measurement of the risk premia.
Conclusion
An investor will in general profit from having access to derivatives. If he uses naive discretization strategies, however, he should rebalance his portfolio at least daily. Optimal trading strategies in discrete time, on the other hand, give acceptable results even for monthly rebalancing. We have shown that an investor can realize up to 63% of the maximal gain from derivative investment in continuous time. And although two derivatives are needed in the continuous-time model to complete the market, the investor can realize almost the whole utility gain with one derivative -given that he chooses the optimal strike of the option or uses the variance contract.
This result enlarges the group of investors that can profit from trading derivatives significantly. It also justifies why retail investor might want to have access to derivatives. Since variance contracts yield better results than options, investors would benefit from the introduction of these contracts where they do not exist yet.
In general, the investor chooses a more conservative portfolio if he can only trade at discrete points in time. He foregoes some risk premia, in particular on volatility risk, to avoid extreme positions which would make the portfolio exposure more unstable over time. The best choice for the investor is to short long-term OTM calls or the variance contract.
The strategy of shortening long-term OTM calls together with a stock investment is packaged as 'discount certificates', which are thus a good and simple way for retail investors to profit from trading derivatives. Hedge funds, that have larger resources and face lower transaction costs, can realize large utility gains by following more sophisticated strategies and rebalancing more often. Nevertheless, they should also reduce the positions that are optimal in a continuous time model to take discrete trading into account.
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